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ABSTRACT

In this paper a delayed SIR model with exponemt&hographic structure and the nonlinear incideate is

formulated. We show if the basic reproductive numbenotedR,, is less than unity, disease free equilibrium &bk

Moreover, we prove thal}, >1,the endemic equilibrium is locally stable withowlaly and the endemic equilibrium is

stable if the delay is under some condition. Finallnumerical example is also included to illugirtite effectiveness of

the proposed model.
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1. INTRODUCTION

In recent years, more and more delayed models haege investigated during the study of epidemic r®de
[3,5, 6, 8, 10, 11, 13, 14]. Hethcote and Van Deiessche [4] have considered an SIS epidemic mwitlelconstant time
delay which accounts for duration of infectiousneBsretta et al. [1] have studied global stabilityan SIR epidemic

model with distributed delay that describes theetimhich it takes for an individual to lose infectimess. Kaddar et al. [7]

ASO! (®)

considered a delayed SIR model with a saturatédence rate as follows:
1+a,St)+a,l (t)

aS_, o BSHIE
AZHS() 1+a,St)+a,l )’

d _ ps-n)l(t-1)

dt 1+a,St-r)+a,lt-1)

R - —
e N (1) - uR(1).

—(u+a+p)l (),

. _ - . ~ BSMI() o
The characteristic of this model is: the saturdtexdence rate which includes the three

1+a,S(t)+a,l (t)

forms: SS(t)1(t) (if alzaZ:O),% (if az=0)and% (if a,=0) saturated with the susceptible
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S(t) and infectivel (t) individuals. The inclusion of time delay into sustible S(t) and infectivel (t) individuals in

incidence rate, only on the second equation, becausceptible individuals infected at tirhe 7 is able to spread the
disease at timé. Rihan et al. [9] considered a qualitative analpgidelayed SIR epidemic model with saturated ieoite

S OLUN
1+0S(t)

% s (1_ S(t)j_ ASOI(t-1)

K 1+0S(t)
d_psmie-n .
& 1rosy 207al)
dr

- =al()-dR0).

Here parameters is the logistic growth rateK is carrying capacity7 is the saturation factor that measures the
inhibitory effect, = is the incubation period [2,12]7 is the recovery rateQ is the natural death rate due to causes
T

unrealed to infection an@lis the infected hosts die rate which includes hoghnatural death rate plus the disease induced
death rate.

St-n)l(t-r)e”
In this paper we consider a delayed SIR model thighnonliner incidence rafg ( )I( ) . We also
1+aS(t-r)

analyze the stability and the existence of Hopfitgiétion.

2. DELAYED SIR EPIDEMIC MODEL

BSt-1)l(t-r)e

In this section, we consider the following SIR miodéh the non linear incidence rate
1+aS(t-71)

Let S(t) is the number of susceptible individudl(t) is the number of infective individual, arfld(t) is the number of

recovered individuals, then we have the followingdel

ds _ rS(r)[l— S(I)J _BSG-)(t-n)e ™ )
dt K l+aS(t—1)

dl  BS(t—-r)I(t—r)e™ ~

dr 1+ aS(t—1) (s o+ O,

E = pI(t)— uR(1).
dt 2.1)

The parameter is the logistic growth rateK is the carrying capacity/ > Ois the rate of natural death such
thatr > 4, O > Qis the rate of disease related degth> O is the rate of recovery;- is the incubation period and is
T
the parameters that measures infections with thiitory effect.
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The first two equation in systeif2.1) do not depend on the third equation, and thereftiseequation can be

omitted without lose of generality. Hence systé#h1)can be rewritten as

% = S(0) [1— S@]— pIe-nlt=ne™  sq)

K 1+aS(t-1)
dl  pS(t-0)I(t-1)e™
G Iraston Wwrerdl®.

Propostion: For the model system(2.2), there always exit

E, =(0,0), Elz(% oj It
_K(r—p)[pe” —alu+ p+35)]
- Hu+p+8)

R,

There also exits an endemic equilibridg = (S, 1" ), where

*2

S - _S,u+p+6) I'= rS [R-1].
pe’ —a(u+p+o) K(u+p+9)

3. LINEAR STABILITY ANALYSIS

The characteristic equation for the mod@!.2),is given by

(r, H) 7£7 ‘Bfe_[#ﬂ)r a B ‘BSQ_EFH'}?

' K (1+eaS) l+aS 0
ﬁfe—(ﬂﬁ}f ﬁse—[ﬂ+/'—}f .
— — —(u+p+8)-4
(1+aS)’ ras K+P*O)

Theorem 3.1: Eis always a saddle point and there can not be éataiction of the systenf2.2).

Proof Using(3.1),the characteristic equation &, = (0, O)reduces to

[A-(r—w)][A+(u+p+5)]=0

Obviously (3.2)has a positive rool =1 — 4. Thus E, is always unstable (saddle point).

K(r -
Theorem 3.2: The infection free equilibriunk, :(M

unstable wherR, >1,and linearly neutrally stable R, =1.
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Proof. Using(3.1),the characteristic equation &, = (M , Oj is
r
_BK(r e

r[1+aK(rr_’u)}

(r-p)-4

BK(r — e
0 ~(u+p+)-4
r[1+a'K(r_’U)}

r

This implies

=0.

e s o Rz

r+aK(r— )

(3.3)

The two roots 0f(3.3)are real and negative R, <1(whenZ =0). The equilibriumE, is asymptotical stable.

Whent > 0,we suppos€3.3)has a purely imaginary root = aJ, then separating real and imaginary parts, we have

Ry +a(r K o

r+a(r—u)K (3.4)
Ry +a(r — u)K sin or
r+oa(r—u)K

—& +(r— ) u+p+8)=(r—p)lu+p+5)

+o(u+p+5)

Ry +ea(r— K
r+a(r—u)K
PR, + a(r — )K sin or

r+a(r—u)K

[(‘u +p+5)+(r—au)]a):m(‘u +p+8) Cos T

-(r—p)u+p+95)
(3.5)

Hence

'R, +a(r—ju)KF 1

o Z(#+p+5)2 { r+a(r— K

(3.6)
WhenR, <1, then there are no positive real rosts

This is complete the proof.

* 1
Theorem 3.3:(i) The endemic equilibriurkc is asymptotically stable i< R < 2+ S ,whent =0.
a

2
(i) Whenr >0, R, >1supposel—1*£1—ij[ ! [1——1j—2(u+—'0+5)} <£1—éj ,then

+aS R )| 1+aS R, r—u
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there exitz, > Osuch thar (J[0,7,] the endemic equilibriunEis stable, and unstable when> 7.

Proof The characteristic equation for the sys{@m)atE™ = (S, 1" ) is given by

xs _preir _BSetr
K (@+aSy 1+asS
ﬁl *e—( HHA)T ﬁs* e—( HEAN T
(1+aSy 1+aS

(r-u)-

~(u+p+d)=4

This implies

_ _Z(r_lu)_ r-u _i -AT _ _ -Ar
(r=u) R 1+as*(1 je A (u+p+9d)e

r—u 1) 4 -t
- 1-—|e +p+0)e” -1-A
1+as( Roj (w+p+3)(e’ -1)

2 J{(V .ﬂ){lﬁo} +Hu+p+o)(1-e )+ li;{;* [1};]6_”}1

2 —ir F—u 7L —ir
+(,u+p+5){(rlu){laj(le )+1+aS*{l R]e }

0

(3.7)

Introducing

Q1=(r—u)(1—%j, Q2=1r+;‘;*[1—%j, Q= k+p+0) @

Then the characteristic equati¢8.7)can be rewritten in the form

A+ pA+ P, +g A+ gz]e_“"f =0 (3.9)

Where
b, =-Q+Q,=~(r —ﬂ)(l—%]+(ﬂ+,0+5),

P, = -QQ; = =(r _ﬂ)(ﬂ+p+5)£1_%],

_ _ r-t(,_1
G =-Q+Q,= (u+p+5)+1+as*(1 R)j,

q, = Q1Q3+Q2Q3: l:l_i"' L [1__1j:| (r —/,1)(;1+,0+5).

R 1+aS | R
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When 7=0, the characteristc  equation (3.9) becomes A’+aA+a,=0. Where

a=p+q,= (r—u){ 1+%+1+1S (1—%}} a,=p,+0,=Q,Q;>0. Therefore, if a >0 i.e.

1
R <2+—— prsy ,a, > 0 (whenR, >1), then by the Hurwitz criterion, we can know threlemic equilibriunE” is stable.

Whenr > 0,we suppose equati¢8.9)has a purely imaginary root = i, the separating real and imaginary

parts.
W = P, =0, COSWr + q,w Sinwr (3.10)
pw=0,SiNWr —g,w COSWr . (3.11)
Hence

4 2 _
@ +a,0 +a, =0 (3.12)
Where
a;=p’ —2p,—0q,
2
_ 2 (r—=p) 1 1 1 2
=(r-uy|1-= 1-— || —| —|-—— = (u+p+9) |,
4 'U)( R)j 1+aS[ Roj|:1+as( Roj r—/J('U P )}

a,=p, —0q, <0

2
If a;>0,i.e. ! - (I—LJ{—l*(l——lJ—zﬁH-—M} <(1——2] ,then equatiorf3.12)
1+a$S R, )| 1+aS R, r—u R,

has at least one positive root, sgy> 0.

Now, we turn to the bifurcation analysis. We use delayr as bifurcation parameter, le¥(7) = y(7) +ia(T)
be the eigenvalue of equatif®.9)such that for some initial value of the bifurcatjparameter, , we havey(7;) = 0Oand

a1,) = ay.From(3.10)and (3.11)we have

. .
rl:iarcco{(qz—plql)aa Pgs | 27 g1

22 2
“ 9, Qq +4, “
(3.13)
Differentiate w.r.t.7,, we get
diY" 22+ p, q, q, T
dr) A paip) @k G@ive) A
1 2 2 231 2 (314)
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Thus
-1
sign{Reﬂ} = sign Re(ﬁj =sign E ,
T)ew dr i Q
Where

P= qlza)l4 +C()12(2q22)+q22(p12— 2p2)+ ngq 12xQ = |: p 1%012"' (0-)12_ p 9 2j||:q 22+q 120 j which are

positive whenR, >1.

d
Thus we hav{Re— > O,by continuity the real part ofl(7) becomes positive wheh>T7, and the
r=r;

ar

steady state becomes unstable. A Hopf bifurcatamuis whenr passes through the critical valag.

4. EXAMPLE

In this section, we present some numerical resafltsystem (2.2) at differemt of supporting the theoretical

analysis in section 3

We take the parameters for endemic equilibrium  outh delay as follows:
S°=251°=4R%°=6r= 48= 029= 0.0%= 0B3= 08= 0% K5 We have
R,=2.4>1S = 6.25" = 0.455then by theorem 3.3 (if3(t) and | (t) approach to their steady-state values

without delay, the disease will be exist.

We give the parameters for endemic equilibrium wititme delay in system (2.2) as follows:

§°=251°=4R%°=6y= .48= 0.27= 0.0%= 03=0.30=0.27r=1K = 5C

Then we getR, =1.136> 1S = 11" = 1.2y theorem 3.35(t) and | (t) approach to their steady-state

values with delay, the disease will be exist.
5. CONCLUSIONS

We have analytically studied a delayed SIR modéh wWie exponential demographic structure and theimear

incidence. We found the sufficient condition of tstability for the endemic and disease free equilib of the model.
When R, <1,the disease free steady state is stable, no otjudibeia exist. WherlR, >1,a unique endemic equilibrium

exists and stable under some condition with antdowit delay.
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